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Abstract. A novel method is proposed for performing multi-lab el, semi-automated image segmen-
tation. Given a small number of pixels with user-de�ned labels, one can analytically (and quickly)
determine the probabilit y that a random walker starting at each unlabeled pixel will �rst reach one of
the pre-labeled pixels. By assigning each pixel to the label for which the greatest probabilit y is calcu-
lated, a high-qualit y image segmentation may be obtained. Theoretical properties of this algorithm are
developed along with the corresponding connections to discrete potential theory and electrical circuits.
This algorithm is formulated in discrete space(i.e., on a graph) using combinatorial analoguesof stan-
dard operators and principles from contin uous potential theory, allowing it to be applied in arbitrary
dimension.

1 In tro duction

One of the greatest challengesof automated medical image analysis is how to best take advantage of input
from the technician or medical practitioner who will be performing the analysis. The current state-of-the-
art is such that few automated image analysis techniques can be applied fully autonomously with reliable
results. Consequently a personmust evaluate the results of any automated process.In general,this personis
currently performing the analysis manually. The goal of the automation is to shorten the time and improve
the reliabilit y of the analysis.

Frequently a medical image acquisition device is used for multiple medical indications and studies. In
this casethe goal of image analysis varies with the patient symptoms and history. For example, a cardiac
image admits several \correct" segmentations depending on the nature of the region of interest: the entire
heart or a speci�c ventricle or atria. The knowledge of the goal for the analysis is entirely with the user
but by specifying the number of segments and by providing small samplesof each segment the goal of the
segmentation can be better de�ned for an automated approach.

In this paper we proposea novel algorithm to perform semi-automatedimagesegmentation, givenmedical
practitioner or computer pre-speci�ed lab els. Assumethat the medical practitioner has provided K labeled
voxels (hereafter referred to as seed poin ts or seeds). For each unlabeled pixel, we could now ask: Given
a random walker starting at this location, what is the probabilit y that it �rst reaches each of the K seed
points? It will be shown that this calculation may be performed exactly without the simulation of a random
walk. By performing this calculation, we assigna K -tuple vector to each pixel that speci�es the probabilit y
that a random walker starting from each unlabeled pixel will �rst reach each of the K seed points. A
�nal segmentation may be derived from these K -tuples by selecting for each pixel the most probable seed
destination for a random walker. In a uniform image (e.g., all black), a segmentation will be obtained that
roughly corresponds to Voronoi cells for each set of seedpoints. We term this segmentation the neutral
segmentation since it does not take into account any information from the image. By biasing the random
walker to avoid crossingsharp intensity gradients, a quality segmentation is obtained that respects object
boundaries (including weak boundaries). Analytical properties of the algorithm are listed at the end of the
intro duction.
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In our approach, we treat an image (or volume) as a purely discrete object | a graph with a �xed
number of verticesand edges.Each edgeis assigneda real-valued weight corresponding to the likelihood that
a random walker will crossthat edge(e.g., a weight of zero meansthat the walker may not move along that
edge).Formulation of the algorithm on a graph allows the application of the algorithm to surfacemeshesor
space-variant images[1,2]. Regardlessof the dimensionsof the data, we will use the term pixel throughout
this paper to refer to the basic picture element in the context of its intensity values. In contrast, the term
node will be usedin the context of a graph-theoretical discussion.

It has been established [3,4] that the probabilit y a random walker �rst reaches a seedpoint exactly
equalsthe solution to the Dirichlet problem [5] with boundary conditions at the locations of the seedpoints
and the seedpoint in question �xed to unit y, while the others are set to zero. The solution to the discrete
Dirichlet problem on an arbitrary graph is given exactly by the distribution of electric potentials on the
nodesof an electrical circuit with resistorsrepresenting the inverseof the weights (i.e., the weights represent
conductance) and the \b oundary conditions" given by voltage sources�xing the electric potential at the
\b oundary nodes". For the remainder of the paper, we will adopt the terminology of circuit theory to
describe the algorithm, with a potential, xs

i , indicating the probabilit y that a walker starting at node vi �rst
reaches a seedpoint with label s. A function that solves the Dirichlet problem for a given set of boundary
conditions (i.e., the random walker probabilities) is known as harmonic . Figure 1 illustrates the harmonic
functions (and subsequent segmentation) obtained for a 4 � 4 graph with unit weights in the presenceof
three seedswith di�eren t labels.

In light of the connection between random walks on graphs and discrete potential theory, one may
calculate the probabilit y that a random walker starting at pixel vi �rst reaches a seedwith label s, by
solving the circuit theory problem that corresponds to a discreteanalogof the Dirichlet problem [6]. Ground
(i.e., �x the potential to zero) all seedpoints belonging to labels other than s and establish a unit voltage
sourcewith ground that �xes the s-labeledseedsto have a unit potential. The electric potentials established
at each unlabeled node provide the probabilities that a walker originating from that node will �rst reach
the seedwith label s. Theseelectric potentials may be calculated through the solution of a systemof sparse
linear equations, as described in section 2.2. The full K -tuple may be calculated by �nding the potentials
establishedthrough switching \on" (providing a unit voltage sourceto) each labeled collection of nodesand
\o� " (grounding) the remaining labelednodes.Therefore, K � 1 systemsof linear equationsmust be solved.
By linearit y (i.e., the principle of superposition in circuit theory), the potentials so calculated must sum
to unit y. This allows us to avoid solving for one of the systemsby subtracting the sum of the calculated
potentials from unit y to �nd the last entry in the full K -tuple.

There exists a small literature that addressesthe problem of multi-lab el image segmentation without
resorting to recursively applied binary segmentation (see[7] for a discussionon someconcernsabout recursive
bisection) using both automated [8{12] and semi-automated[13{15] methods. Existing automated methods
operateby de�ning K -way clustering heuristicsover the imagevaluesor valuesderivedfrom another processes
(e.g., spectral coe�cien ts). These methods attempt to cluster the image into K clusters with either a pre-
de�ned K or a K chosento satisfy a given criterion. As fully automated methods, there is no userinteraction.
In addition, spectral methods are not guaranteed to produce a unique solution and, indeed, may lead to a
fully degenerateproblem [2]. One should not be confusedby the random walker interpretation of spectral
methods [16]and the present method. In the former, it is illustrated that spectral methodsmay be interpreted
as �nding a subset of the nodes with cardinalit y equal to half the nodes in the graph, such that a random
walker starting in the set is least likely to crossinto the set complement. As mentioned above, this subsetmay
not be unique, no user constraints are intro duced and only a binary (i.e., 2-way) segmentation is obtained,
without resorting to recursion or clustering on the spectral coe�cien ts.

Semi-automatic methods with a similarit y to our proposedalgorithm alsoexist [17,15]. The K -way max-

o w/min-cut algorithm of [17] attempts to �nd the cuts with smallest value (as de�ned by image gradients)
that separateeach labeled region from all others using K -way graph cuts. Although this problem is NP-
Hard, one may obtain a solution that is within a proven bound of the optimal. Our proposedalgorithm has
two main advantages over this semi-automated approach. First, given single pixel labels (or labels with a
small boundary cost), graph cuts will produce small partitions that segment solely the labeled region from
the remainder of the image. Second,our algorithm provides a con�dence rating of each pixel's membership
in the segmentation. An additional di�erence between our random walker approach and the graph cuts



algorithm is that the solution obtained by the random walker approach is guaranteed to be unique, by
the uniquenessprinciple for harmonic functions [4], while the minimum boundary cost criterion of max-

o w/min-cut may have multiple solutions (although the graph cuts algorithm of [17] always �nds one of
these solutions). An algorithm independently developed for machine learning by Zhu et. al [15] also �nds
clusters basedupon harmonic functions, using boundary conditions set by a few \kno wn" points (i.e., user-
speci�ed labels). However, by the nature of their problem domain, they employ di�eren t methods for �nding
similarit y measuresbetween points in feature spacethan are appropriate for computer vision and medical
image analysis.

Additional properties of our approach that will be establishedlater include:

1. Each segment is guaranteed to be connectedto seedpoints with the samelabel, i.e., there are no isolated
regionsof a particular label that contain no seedpoints.

2. The K -tuple of probabilities at each pixel is equal to the weighted averageof the K -tuples of neighboring
pixels, with the weights given by walker biases.

3. The solution for the potentials is unique.
4. The expected value of the probabilities for an image of pure noise,given by identically distributed (not

necessarilyindependent) random variables, is equal to those obtained in the neutral segmentation.
5. The expectedvalue of the probabilities in the presenceof random, uncorrelated walker biasesis equal to

the probabilities obtained by using walker biasesequal to the mean of each bias.

This paper is organizedas follows. Section 2 givesa simple weighting function to use,derives the set of
linear equations that must be solved, establishessometheoretical results about the algorithm and provides
implementation details. Section 3 illustrates the behavior of the algorithm in the presenceof weak object
boundariesand demonstratesresults on real-world medical images.We concludein Section4 with a summary
of the algorithm presented and a discussionof future work.

2 Exp osition of the algorithm

This section describes four aspects of the algorithm: Generating the graph weights, establishing the system
of equations to solve, proving theoretical results about the algorithm performanceand the practical details
of implementation.

We begin by de�ning a precise notion for a graph. A graph [18] consists of a pair G = (V; E) with
vertices (no des) v 2 V and edges e 2 E � V � V . An edge,e, spanning two vertices,vi and vj , is denoted
by eij . A weigh ted graph assignsa value to each edge called a weigh t . The weight of an edge, eij , is
denoted by w(eij ) or wij . The degree of a vertex is di =

P
w(eij ) for all edgeseij incident on vi . In order

to interpret wij as the bias a�ecting a random walker's choice, we require that wij > 0. The following will
also assumethat our graph is connected.

2.1 Edge weigh ts

In order to represent the image structure (given at the pixels) by random walker biases(i.e., edgeweights),
onemust de�ne a function that mapsa changein imageintensities to weights. Sincethis is a commonfeature
of graph basedalgorithms for imageanalysis,several weighting functions are commonly usedin the literature
[19,17,2]. Additionally , it was proposedin [15] to usea function that maximizesthe entropy of the resulting
weights. In this work we have preferred (for empirical reasons)the typical Gaussianweighting function given
by

wij = exp(� � (gi � gj )2); (1)

where gi indicates the image intensity at pixel i . The value of � represents the only free parameter in this
algorithm.

Later, we will discusssomeprinciples for the designof an ideal weighting function for this algorithm.



(a) Seedpoints with segmentation (b) Probabilit y that a random walker starting
from each node �rst reaches seedL 1

(c) Probabilit y that a random walker starting
from each node �rst reaches seedL 2

(d) Probabilit y that a random walker starting
from each node �rst reaches seedL 3

Fig. 1. Illustration of the approach to segmentation. With three seedpoints representing three di�eren t
labels (denoted L 1; L 2; L 3), alternately �x the potential of each label to unit y (i.e., with a voltage sourcetied
to ground) and set to zero (i.e., ground) the remaining nodes. The electric potentials calculated represent
the probabilit y that a random walker starting at each node �rst reachesthe seedpoint currently set to unit y.
Figure 1(a) shows the initial seedpoints and the segmentation resulting from assigningeach node the label
that corresponds to its greatest probabilit y. For illustration, all the weights (resistors) were set to unit y. In
the caseof an image, theseresistorswould be a function of the intensity gradient. The readercan verify that
the probabilities at each node sum to unit y (up to rounding).



2.2 Discrete Diric hlet problem

The discrete Dirichlet problem has beendiscussedthoroughly in the literature [20,4] and a convenient form
for the solution in the context that we are concernedwith is given in [21]. We will now review the method
of solution.

De�ne the discrete Laplacian matrix [22] as

L v i v j =

8
><

>:

dv i if i = j ;
� wij if vi and vj are adjacent nodes;
0 otherwise;

(2)

where L v i v j is usedto indicate that the matrix L is indexed by vertices vi and vj .
Partition the vertices into two sets,VM (marked/seednodes) and VU (unmarked nodes) such that VM [

VU = V and VM \ VU = ; . Note that VM contains all seedpoints, regardlessof their label. Then, we may
reorder the matrix L to re
ect the subsets

L =
�
L M B
B T L U

�
: (3)

Denote the probabilit y (potential) assumedat each node, vi , for each label, s, by xs
i . De�ne the set of labels

for the seedpoints as a function Q(vj ) = s; 8vj 2 VM , where s 2
�

; 0 < s � K . De�ne the jVM j � 1 (where
j � j denotescardinalit y) marked vector for each label, s, at node vj 2 VM as

ms
j =

(
1 if Q(vj ) = s;
0 if Q(vj ) 6= s:

(4)

As demonstrated in [21], the solution to the combinatorial Dirichlet problem may be found by solving

L U xs = � B ms; (5)

which is just a sparse,symmetric, positive-de�nite, systemof linear equationswith jVU j number of equations
and the number of nonzeroentries equal to 2jE j. SinceL U is guaranteed to be nonsingular for a connected
graph [6], the solution, xs, is guaranteed to exist and be unique. Therefore, the potentials for all the labels
may be found by solving the system

L U X = � B M ; (6)

where X has columns taken by each xs and M has columns given by each ms. Therefore, there are K � 1
sparselinear systemsto solve, where K is the total number of labels.

2.3 Theoretical prop erties of the algorithm

We now establish the properties of the algorithm outlined in the intro duction.
The following propositions have a few practical consequences.First, if an \in terpolation" is desired

between the solution for a particular image and the neutral solution, this may be achieved through the
addition of a constant to the weights. This situation might occur if the image data was known to be very
poor and an almost semi-manual segmentation was desired by the medical practitioner. Second,the ideal
weighting function would produce weights, such that the presenceof independent random noiseat the pixel
level would produceuncorrelated multiplicativ e noiseat the level of the weights. If such a weighting function
wereused,then the expectedvalue of the potentials (and hence,the solution) in the presenceof independent
noisewould equal the potentials found in the presenceof no noise.The weighting function used in (1) does
convert additiv e pixel noiseto multiplicativ e noiseon the weights. However, thoseweights are not, in general,
uncorrelated. Finally, we know that the segmentation obtained with this algorithm in the caseof pure noise
(and presumably very closeto pure noise) is the neutral segmentation, which seemsappropriate.



The following two properties are discrete analoguesof properties of continuous harmonic functions [5]
and may be seendirectly by viewing the solution to the combinatorial Dirichlet problem asa solution to the
discrete Laplace equation (with Dirichlet boundary conditions), where the potential of each unlabeled node
must satisfy

xs
i =

1
di

X

eij 2 E

w(eij )xs
j ; (7)

where the xs
j 2 V (i.e., may include seedpoints).

1. A potential 0 � xs
i � 1; 8 i; s (maximum/minim um principle)

2. The potential of each unlabeled node assumesthe weighted averageof its neighboring nodes(the mean-
value theorem).

Prop osition 1. If the �nal segmentation is determined from the potentials using the above rule (i.e., node
vi is assigned to segment, s, only if xs

i > x f
i 8f 6= s), then each node assigned to segment s is connected

through a path of nodesalso assigned to segment s to at least one of the seed points with label s.

A restatement of this proposition is that the connected components generated by the �nal segmentation
must contain at least one seedpoint bearing that label.

Proof. Note, this proof is similar to that given in [2].
The result follows if it can be shown that any connectedsubset,P � VU , assignedto segment s must be

connectedto at least one node that is also labeled s.
A block matrix form of (7) may be written

L P xs
P = � RP xs

P ; (8)

where xs = [xs
P ; xs

P
]T ,L has beendecomposedinto the block form

L =
�

L P RP

RT
P L P

�
; (9)

and P denotes the set complement of P in V . For example, in the caseof P = f vi g in (7), L P = di and
� RP xs

P
=

P
eij 2 E w(eij )xs

j .

If xs
P > x f

P 8f 6= s, then xs
P � x f

P > 0 and � L � 1
P RP (xs

P
� x f

P
) > 0. The entries of RP are nonpositive

by de�nition of L . Since L is an M-matrix, any block diagonal submatrix of an M-matrix is also an M-
matrix, and the inverseof an M-matrix has nonnegative entries (see[23] for the previous three facts), then
� L � 1

P R has nonnegative entries and therefore, somexs
i 2 P must be greater than x f

i 2 P. Furthermore,
sincethe entries of RP are zero for nodesnot connectedto P, the nodesin P satisfying the inequality must
be connectedto a node in P. ut

Proof of the remaining propositions rest on following lemma

Lemma 1. For random variables, X , A and B , such that X = A
B , E[X ]= 0 if E[A]= 0 and B > 0.

Proof. By the H•older inequality [24], E[A] = E[X B ] � E[X ]E[B ]. By the sameinequality, E[X ] = E[ A
B ] �

E[A]E[ 1
B ]. Therefore, E[ A ]

E[ B ] � E[X ] � E[A]E[ 1
B ], and the result is proved. ut

Since the time of Kric hho� [25], it has been known that there is a relationship between the potentials
solved for in (5) and the weighted tree structure of the graph. The following relationship for the potential
at node vi in the presenceof unit voltage sources(tied to ground) is given in [6,26]

xs
i =

P
T T 2 T T i

Q
eij 2 T T w(eij )

P
T T 2 T TG

Q
eij 2 T T w(eij )

; (10)



where TTi is the set of 2-trees present in the graph, such that node vi is connectedto a seedwith label s,
and TTG is the set of all possible2-treesin the graph. A 2-tree is de�ned as a tree with one edgeremoved.
Note that TTi � TTG 8vi with equality holding if vi is a seedpoint labeled as s. Therefore, to restate (10)
in prose, if you sum over the product of the weights in every 2-tree that has vi connectedto a seedwith
label s and divide that sum by the sum of the product of the weights of the edgesin every 2-tree that exists
in the graph, that ratio is equal to the potential found by solution of (5). Although (10) is not very useful
for computation of (5) (due to the massive number of 2-trees involved in any sizablegraph), we can use it
to prove someinteresting results about the behavior of xs

i under di�eren t choicesof weights.
If the weights are uniform, the neutral case,by (10), yields potentials satisfying

xs
i =

jTTi j
jTTG j

: (11)

Now we are in position to prove a seriesof propositions about xs under di�eren t conditions. We also note
that if the weights are all multiplied by a constant, k, there will be no e�ect on xs

i , since it is clear by (10)
that the constant will divide out of the numerator and denominator.

Prop osition 2. If the set of weights, wij , are identically distributed (not necessarily independent) random
variables, with wij > 0, then E[xs

i ] equals the potential obtained in the neutral segmentation.

Proof. We proceed by simply verifying this proposition using Lemma 1. Denote the potential for label
s at vi for the neutral segmentation by ns

i . Denote the complement of TTi in TTG as TTC , such that
TTi [ TTC = TTG and TTi \ TTC = ; . For brevity of notation, denote ST T i =

P
T T 2 T T i

Q
eij 2 T T w(eij ).

E[xs
i � ns

i ] = E
�

ST T i

ST T i + ST TC

�
jTTi j

jTTi j + jTTC j

�
: (12)

Sinceeach of the 2-treeswill contain an equal number of edges,(n � 2), and all of the weights are identically
distributed, ST T i will contain the sum of jTTi j identically distributed random variables. Let � denote the
mean of the distribution of thesenew variables.

After combining terms, the numerator of (12) is given by

E[ST T i (jTTi j + jTTC j) � jTTi j(ST T i + ST TC )] =

� jTTi j(jTTi j + jTTC j) � jTTi j(� jTTi j + � jTTC j) = 0; (13)

and the denominator of (12) must be strictly positive, since all the wij are guaranteed to be positive by
construction.

Therefore, the conditions of Lemma 1 are satis�ed for the left hand side of (12) to be equal to zero, and
E[xs

i ] = ns
i . ut

Since the sametechnique as above may be used to verify the following two propositions, the proofs are
left to the reader.

Prop osition 3. If the set of weights, wij , are uncorrelated (not necessarily independent) random variables
with corresponding means � ij , then E[xs

i ] equals the potential obtained by setting wij = � ij .

Prop osition 4. If wij = kij yij , where the kij are (not necessarily equal) constants and yij are identically
distributed random variables, such that yij > 0, then E[xs

i ] equals the potential obtained by setting wij = kij .

With a similar approach, we may prove

Prop osition 5. If wij = kij + r where kij are (not necessarily equal) constants and r is a constant added
to all weights, lim r !1 xs

i = ns
i , where ns

i is the potential obtained in the neutral segmentation.



Proof. We may write the potential for node vi as

xs
i =

P
T T 2 T T i

Q
eij 2 T T (kij + r )

P
T T 2 T TG

Q
eij 2 T T (kij + r )

=
jTTi jr N � 2 + O(r N � 3)
jTTG jr N � 2 + O(r N � 3)

; (14)

where O(�) indicates a term of order no greater than the argument. By l'H ôpital's Rule,

lim
r !1

xs
i =

jTTi j
jTTG j

= ns
i : (15)

ut

2.4 Numerical practicalities

Many good sourcesexist on the solution to large, sparse, symmetric, linear systems of equations (e.g.,
[27,28]). A direct method, such as LU decomposition with partial pivoting has the advantage that the
computation necessaryto solve (6) is only negligibly increasedover the amount of work required to solve
(5). Unfortunately, current medical data volumesfrequently exceed256� 256� 256� 16e6 voxels, and hence
require the solution of an equal number of equations. Furthermore, there is no reason to believe that the
resolution will not continue to increase.The memory capabilities of most contemporary computers simply
do not have enoughmemory to allow an LU decomposition with that number of equations.

The standard alternativ e to the classof direct solvers for large, sparsesystemsis the classof iterativ e
solvers [29]. Thesesolvers have the advantagesof a small memory requirement and the abilit y to represent
the matrix-v ector multiplication asa function. In particular since,for a lattice, the matrix L U hasa circulant
nonzerostructure (although the coe�cien ts are changing), onemay avoid storing the matrix entirely . Instead,
a vector of weights may bestored(or computedon the 
y , if memory is at a premium) and the operation L U xs

U
may be performed very cheaply. Furthermore, sparsematrix operations (lik e those required for conjugate
gradients) may be e�cien tly parallelized [30,31], e.g., for useon a GPU. Becauseof the relationship of (5)
to a �nite di�erences approach to solving the Dirichlet problem on a hypercube domain, the techniques
of numerical solution to PDEs may also be applied. Most notably, the algebraic multigrid method [32,33]
achievesnear-optimal performancefor the solution to equations like (5).

For simplicit y, we have implemented the standard conjugate gradients algorithm with Jacobi precon-
ditioning, representing the matrix-v ector multiplication implicitly , as described above on an � Intel � Xeon
2.40GHz dual-processorwith 1GB of RAM. Solution of (5) using conjugate gradients (tolerance = 1e� 4,
su�cien t for the algorithm) for a 256� 256 image with two randomly placed seedpoints required 4:831
seconds.

2.5 Algorithm summary

To summarize, the stepsof the algorithm are:

1. Obtain a set, VM , of marked (labeled) pixels with K labels, either automatically or through the inter-
vention of a medical practitioner.

2. Using (1), map the image intensities to edgeweights in the lattice.
3. Solve (6) outright for the potentials or solve (5) for each label except the �nal one, f (for computational

e�ciency). Set x f
i = 1 �

P
s<f xs

i .
4. Obtain a �nal segmentation by assigningto each node, vi , the label corresponding to maxs (xs

i ).

We note that other options might be explored for assigninga label to each pixel basedon the potentials
(e.g., applying a clustering algorithm to the K -dimensional vectors at each node).



3 Algorithmic results

3.1 W eak boundaries

We will prefer the term object boundary to the traditional computer vision term edge(e.g., \edge detection")
to avoid confusion with the edgeset of the graph (e.g., eij 2 E). Unlike region growing approaches, one
aspect of the random walker motivation for this algorithm is that weak object boundaries will be found
when they are part of a consistent boundary. Consider the situation of Figure 2, where a random walker
starting on one side of a weak boundary wanders until �rst striking one of the two labeled nodes. On a
four-connectedlattice, the walker has three initial stepsthat keepit on onesideof the boundary. Sinceother
nodeson that side of the boundary are all very likely to reach seed1 (�lled circle), this walker is also very
likely to �rst reach seed1. For the samereasons,a walker on the other side of the weak boundary is also
very likely to �rst reach seed2 (open circle). Consequently , there will be a sharp potential drop (i.e., voltage)
over the entire boundary, resulting in the correct segmentation. Figure 3 shows the segmentation obtained
for a synthetic image with four areasof varying sizesand convexity with weak boundariesand few labeled
nodes.

Fig. 2. Illustration of why the segmentation obeys weak image boundaries. Consider the 16 � 7 image
consisting of just one hard boundary with a hole, represented by the thick black line, and two seedpoints
placed at the white and black circles at the far ends of the image. A random walker starting at the pixel
next to the weaknessin the boundary (the center of the arrows) has 3 out of 4 chanceson its initial step to
enter into the region that is likely to be labeled as belonging to the black circle. Since the sameholds true
on the other sideof the weak boundary, there will be a sharp drop in the probabilities and consequently , the
segmentation will respect the boundary, even though it is weak.

3.2 Segmentation of real images

Figure 4 shows the segmentation results on two CT cardiac imagesand two MR brain images.The imagesand
seedswere chosen to demonstrate the general applicabilit y of the semi-automated segmentation approach
on objects of varying uniformit y, size, shape, contrast and topology. The �rst two �gures, 4(a) and 4(b),
demonstrate the segmentation results on two CT cardiac images. Figure 4(a) uses four groups of seeds,
corresponding to the left ventricle, right ventricle, myocardial wall and the background, while Figure 4(b)



Fig. 3. Demonstration of the algorithm responseto weak boundariesof di�eren t types, large/small regions
and nonconvex regionson a synthetic image consisting of only black and white pixels. The thin black lines
represent the \ob ject" boundaries in the image, the thick black patches represent the labeled seedsof four
di�eren t typesand the shadedregionscorrespond to the resulting segmentation.

segments the entire heart from the background. The two neural MR imageshave three segments each. Figure
4(c) shows the corpus callosum and cerebellum segmented from the background and Figure 4(d) shows the
thalamus and cerebellum segmented from the background. In each segmentation, the value of the one free
parameter, � in (1), was kept constant, despite the di�eren t image characteristics of CT and MR images.
Spaceconstraints limit us from showing 3D segmentations, but we stressthat the algorithm is de�ned on a
lattice of arbitrary dimension.

4 Conclusion

We have presented a novel algorithm for general image segmentation based on a small set of pre-labeled
pixels. Thesepre-labeledpixels may be either generatedautomatically for a particular purpose,or they may
be given directly by a medical practitioner. The algorithm functions by assigningeach unlabeled pixel to
the label of the seedpoint that a random walker starting from that pixel would be most likely to reach �rst,
given that it is biased to avoid crossingobject boundaries (i.e., intensity gradients). Becausethe algorithm
is formulated on a generalgraph, and producessegmentations basedon the separation of quantities de�ned
at the nodes(i.e., potentials), the graph (lattice) may represent any dimension or topology.

We have demonstratedthis approach on real imagesand shown that it providesa unique, quality, solution
that is robust to weakobject boundariesand that the solution respectsthe medicalpractitioner's pre-labeling
choices.Furthermore, there is only a single free parameter, � in (1), and all of the segmentations shown in
this paper wereusedwith the samechoiceof that parameter. Of course,this approach could alsobe combined
with pre-�lters (e.g., median) or post-�lters (e.g., clustering) to produce enhanced,problem-speci�c results.

The connections between random walks, combinatorial potential theory and electric circuits allowed
us to prove that the segments are guaranteed to be connected (i.e., smooth), and that the segmentation
approachesthe neutral segmentation (i.e., Voronoi-like) asincreasedamounts of random noiseare intro duced.
Furthermore, the direct correspondencewith analogelectric circuits opensthe possibility for a hardware (e.g.,



(a) (b)

(c) (d)

Fig. 4. Examples of segmentations on CT cardiac data and MR brain images.The thick, dark gray lines
(chosen to maximize contrast) represent the seedpoints and the thick black lines represent the segment
boundaries.For clarit y of exposition, seedpoints of each type are connected,although this is not necessary.
� = 900 for all segmentations.



VLSI) implementation of the algorithm, where the physics of the circuit perform the same\computation"
as the standard CPU, except at the extremely fast speed of the natural world. Finally, since our PDE
(e�ectiv ely the Laplace equation with Dirichlet boundary conditions) is formulated on a graph, there are
no concernsabout discretization errors or variations in implementation that sometimescauseproblems for
other PDE-basedapproaches.

Future work will concentrate on a faster implementation, clinical evaluation, systematic comparisonwith
other techniques, the useof prior information in the segmentation and leveraging the theoretical results to
produce a more e�ectiv e weighting function.
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