Space-\ariant Computer Vision: A
Graph Theoretic Approach

Leo Grady

Cognitve andNeuralSystems
BostonUniversity

-p.1/6



Outline of talk

Space-ariantvision - Why andhow of graph
theory

Anisotropicinterpolation
Isoperimetricsegmentation
Topologyandnumericalef ciency
Multiresolutionsegmentation
Conclusion Futurework

—p.2/6



Biological visual sampling

Why hasevolution driventhis process?

(Hughes 1977)
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Biological visual sampling

Visualarchetectursatis esthe needsf the system
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Biological visual sampling
The“TerrainTheory” of Hughesq1977)

(a) TreeKangaroo (b) GroundKangaroo
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Biological visual sampling

Problem:How to applycomputervisiontechniquego
Space-ariantimages?

(a) 4-Connected (b) 8-Connected (c) Kangaroo
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Biological visual sampling

Approach:Graphtheory

Nodescorrespondo pixelsandnodedensity
corresponds$o resolution

Naturally extendsto 3D or dataclustering

Appliestoary eld de nedonnodege.g.,image
Intensity coordinates)
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Advantagesof graph theory

Why shouldwe beinterestedn graph-theoretic
approacheo vision?

Recentsuccessisinggraphtheoryin computer
vision

Global-localinteractions
Dimensionindependent

Analogiesbetweegraphsmatricesyector
calculusandcircuit theoryallows transferof
iIdeasandintuition
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Graph theory

How to useconceptdrom calculusonagraph?

A graphisapairG = (V; E) with vertices(nodes) 2 V andedges
e2 E V V.Anedgeg, spanningwo vertices,v; andv;, Is
denotedoy g . A weightedgraph hasavalue(typically nonngative
andreal)assignedo eachedge.g; , denoteddy w(ej ) or wi; .

3
E +1  ifi = k;
Aeij Vk: § 1 If] = k,
0 otherwise
8
Swie) ifi=kj=s
Cei- e
| ks
"0 otherwise

8

% d if i=j:
LViVj ZE w(eij ) if ej 2E;

0 otherwise

=)
di= j w(ej ) 8 ¢j 2E

€

L=ATCA
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Graph theory - Cir cuit analogy

Aly = f Kirchhoff's CurrentLaw
Cp=vy Ohm's Law
p= AX Kirchhoff's VoltagelLaw
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Graph theory

Allows straightforvardtranslationof computervision
concepts

(a) Structure (b) Image (c) Edge-detection

—p.11/6



Outline of talk

Space-ariantvision - Why andhow of graph
theory

Anisotropicinterpolation
Isoperimetricsegmentation
Topologyandnumericalef ciency
Multiresolutionsegmentation
Conclusion Futurework

—p.12/6



Graph Interpolation
Problem:How to interpolateunknavn nodalvalues
betweerknown nodalvalues?

Answer: Solve thecombinatoriaDirichlet Problem
usingDirichlet boundaryconditionsat the known

values

(a) Graph (b) Circuit RN



The Dirichlet Problem

Continuous DirichIeF\t) Integral
D[u] = % jr uj2dv
Laplaceequation

r 2u=0

Combinatorial  Dirichlet integral
D[x] = 3xTATCAX
Laplaceequation

ATCAX = Lx = 0
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Dirichlet Problem

How arethe boundaryconditionsactually

iIncorporated?
1
D[x] = =x"Lx
X] = 2
q_ 1 TOT Lb R Xb
D[Xl]_ 2 Xin RT I—i X

= XpLpXp+ 2X' RTxp+ X LiX;

D RTXb
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Doesit work?
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Dirichlet Problem- Sowhat?

Connectionwith anisotropiaiffusion
(PeronaandMalik, 1990 suggestsisefor early
vision processing

Diffusionequation

dx —
E—Lx

Laplaceequation
0= LXx
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Dirichlet Problem

AnisotropicLaplaciansmoothing

(a) Original (b) Samples (c) Interpolation
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Space-wariant sampling
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Laplace vs. Diffusion

Conclusion

Steadystatevs. transient
Diffusionrequiresstoppingparametefi.e., time)

“*Sampling” of Laplaceallows moreor less
smoothingn differentregions
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Isoperimetric Problem

Problem:For a givenvolume,whatshapéehasthe
smallestperimeter?

Enclosinga volumewith aboundarymaybe
consideredsa sepaation of thespace.

SgmentationView imageasadiscretegeometry
wheretheimagevaluesspecifythemetricand nd the
partitionsthatsatisfytheisoperimetrigproblem.




Isoperimetric Problem

For anarbitraryspacethe problemis muchmore
dif cult.

Formally, theisoperimetric constantfor aspacas
givenas

for any subsenf points,S.
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Isoperimetric Problem

How to de ne problemfor a discretegeometry
(graph)?
Insteadof points,S is asetof nodes.

S=14;5¢
f1;2;39
@ = fd;eg

)]
1
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Graph formulation

De ne anindicatorvector

O ifv, 2 S;

i = 1 ifvy 2 S:

Notethatspeci cationof x de nesa partition.

How to de ne perimeter?

j@j = x'Lx
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Graph formulation

How to de ne volume?

NodalVolume  Vols = x'r
NormalizedVolume Vols = x'd

Wherer Is thevectorof all onesandd is the vectorof
nodedegree.
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Graph formulation

As ameasuref partitionquality, de ne the
Isoperimetric ratio as

XTLX
xTd
Stratgy: Relaxx to take realvaluesanduselLagrange

multiplier to performa constrainedaninimizationof
the perimetemwith respecto a constantvolume.

Namely minimizex'Lx subjectto the constraint

h(x) =

x'd= k:
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Graph formulation

De ne thefunctionQ(x) as

Q(x)=x'Lx (x'd K):
SincelL is positive semi-de nite(Biggs 1974), Q(x)
takesminimaat critical pointssatisfying

2Lx = d:
Problem:Equationis singular- For a connected

graph,L hasanullspacespannedyr.
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Cir cuit analogy

Sameequationoccursin circuit theory(BraninJr,
1966 for aresistve network poweredby current
sourcesMust groundthecircuit in orderto nd
potentials.

Lx = d L oXo = dp
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Potentials

WhenL oXg = dp IS solved,a setof potentialss assignedo each
nodethatmustbethresholdedn orderto producea partition.

Lemma:For any thresholdthe setof nodeswith potentialdower
thanthethresholamustbe connected.
Proof: Follows from the meanvaluetheoremwith positve

Sources.
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Partitioning algorithm recap

Stepsof the partitioningalgorithm

1 Generateedgeweightsbasedn
iImage/coordinate/sensadata.

2 Chooseagroundnode,vy, andform L o; do.

3 Solwe L oXo = d() for Xo.

4 Choosdahresholdanddivide nodesnto thesets
with potentialsabove andbelav thethreshold.
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Spectral partitioning
Spectrals. Isoperimetric

Eigervectorproblemvs. systemof linear
equations

If eigervaluealgebraianultiplicity Is greaterthan
unity: Any vectorin thesubspacaspannedy the
eigervectorsis avalid solution.
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Data clustering

The Gestaltclusteringchallenge®f Zahn
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Image processing

Why shouldthis work well?
Image Potentials Sagmentation
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Image processing

Whatis the effect of choosingground?
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Image processing

How to chooseweights?

wi = exp(  Jli 1))
Weterm thescale

(@ = 30 (b) =50
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Recursie bipartitioning

How to applyisoperimetrigoartitioningto
(unsupervisedinmagesegmentation?

Recursvely applybipartitioninguntil the
Isoperimetriaatio of thecut (i.e., the partition
guality) falls to satisfya pre-speci edisoperimetric
ratio.
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Recursie bipartitioning

No userinteraction- How to automaticallychoose
ground?

AndersomandMorley (19717 provedthatthe spectral
radiusof L, (L),satises (L) 2dmax. Therefore,
groundingthe nodeof highestdegreemay have the
mostbene cial affect onthe numericalsolutionto

L oXg = do.
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Recursie bipartitioning



Noiseanalysis

Sagmentatiorof white circle on blackbackground

(a) Additive (b) Multiplicative

(c) Shot —p.40/6



Noiseanalysis

Noise Image  Iso Ncuts Image  Iso Ncuts Image  Iso Ncuts

(a) Additive (b) Multiplicative (c) Shot _p.ale



Other graphs

Becausef the e xibility of graphtheory the
Isoperimetricsegmentatioralgorithmappliesto
generalgraphs.

(a) 3D graph (b) Space-ariant
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Krylo v subspaces

Krylov subspacenethodsarethe methodsof choice
for solvingboththe systemof linearequations
(conjucategradients andthe eigervectorproblem
(Lanczosmethod).

Thesolutionfoundat eachiteration,i, of conjucate
gradientgs thesolutionto Ax = bprojectecontothe

Krylov subspac& (A; Axg b;l) (Dongarraetal.,
1991).
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Krylo v subspaces

Connectiorwith diffusion

Xi+1 = Xj +  tLX;
Cornvergences directly relatedto graphdiameter
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Krylo v subspaces

ldea: Use“small world” graphsto dramaticallylower
graphdiametemwith theadditionof aminimal number
of edges.

(a) Lattice (b) Smallworld _ p.a6l6



Krylo v subspaces

Cornvergencewith new edgesadded
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Krylo v subspaces

Resultsarelargely unafected.

(a) Original (b) Lattice (c) SmallWorld
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Multir esolutionanalysis

Commonapproach:

Image! Filter! Procesd Backprojectsolution

Usedfor speecandresilienceto noise
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Multir esolutionanalysis

ldea: Apply agraph-basednalysisalgorithmto the
wholepyramidasa sepaategraph
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Multir esolutionanalysis

Long rangeconnectionsmprove performancen
blurry images
Blur

Image Lattice Pyramid
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Multir esolutionsegmentation
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Multir esolutionanalysis

Doesnt the speedcsuffer with the additionalnodes?

Computationsiearlythe samesincethegraph
diameterns small.
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Conclusion

CreatedGraphAnalysisToolboxfor MATLAB to be
publicly released:

Implementatiorof toolsto allow processingf dataassociated
with graphg(e.g., Itering, edgedetectionNcuts)

Implementatiorof new algorithmsdevelopedin my doctoral
work

Providestoolsfor transferringmagedatafrom Cartesianmages
to graphsof varyingresolution

Providestoolsfor visualizingdataon graphs
Includesspace-ariantgraphdatafor over 20 species

Hasscriptsto generatall the gures in my dissertatiorand
papers —p.56/6



Conclusion

Final message:

Theanalogybetweergraphtheory circuit theory
linearalgebraandvectorcalculusprovides

Establishegrinciplesthatdrive new algorithm
design- with anintuition abouttheir functionality

An ability to transferstandarccomputelivision
techniquedo moregeneraldomainse.g.,
space-ariantsensodata,higherdimensions,
abstracteaturespaces

Thepotentialfor alternatemethodsof
computationvia circuit construction
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Futur e dir ections
Generaldirections

Useof nodedto represenimageregionsinstead
of pixels

Incorporationof training/learningnto image
analysisalgorithms

Pursuanteractve foreground/background
seggmentation

Objectrecognition

Explorerelationshipwith statisticaimage
analysismethods
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Graph theory

Taubinetal. (19969 framesstandardltering in the
samecontext

(a) Image (b) Low-passlter (c) High-passlter
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Graph theory

Coordinateltering alsopossible(e.g.,aring graph)

(a) Original (b) Low-passlter (c) High-passlter
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Dirichlet Problem

Sametechniquewvorksfor simplegraphdraving

(a) Original (b) Interpolated
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Isoperimetric Problem

Thelsoperimetricconstanguanti esthe separability
of aspace
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Spectral partitioning

Spectrabartitioning(DonathandHoffman, 1972
Potheretal., 1990 adoptsa differentapproactio
minimizing theisoperimetriaatio.

Isoperimetricatio Rayleighquotient
h(X) — x'Lx R(X) — XTLX

xTd

Resultsby Fiedler (1975ab, 1973, Alon (1986 and Cheger
(1970 characterizeéhe relationshipbetweenisoperimetriccon-
stantof a graphand the secondsmallesteigervectorof L (the
Fiedler value). The NormalizedCutsimagesegmentationalgo-
rithm of ShiandMalik (2000 adoptsthis approachwith a differ-

entrepresentationf the Laplacianmatrix. p63e



Spectral partitioning

GuatteryandMiller (1998 demonstratethatspectral
partitioningfails to performwell on certainfamilies
of graphs

(a) Spectral

(b) Isoperimetric
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Image processing

No edgeinformationpresent The Kanizaillusion

(a) Potentials (b) Partition

—p.65/6



References

Alon, N. (1986). Eigervaluesandexpanders.Combina-
torica, 6:83—-96.600.

AndersonW. N. J.andMorley, T. D. (1971). Eigerval-
uesof the laplacianof a graph. TechnicalReportTR
71-45,University of Maryland.

Biggs,N. (1974). Algebraic Graph Theory Number67
In Cambridgelractsin MathematicsCambridgdJuni-
versity Press.

Branin Jr, F. H. (1966). The algebraic-topologicaba-
sis for network analogiesandthe vectorcalculus. In
Geneanlized Networks,Proceedingspages453-491,
Brooklyn, N.Y.

Chea@er, J.(1970).A lowerboundfor thesmalleskeigen-
value of the laplacian. In Gunning,R., editor, Prob-
lemsin Analysis pagesl95-199PrincetonUniversity
PressPrincetonNJ.

Donath,W. andHoffman,A. (1972).Algorithmsfor par
titioning of graphsandcomputeilogic basedneigen-

vectorsof connectiomrmatricesIBM Tedhnical Disclo-
sure Bulletin, 15:938-944.

65-1



Dongarra,J. J.,Duff, I. S., SorensonD. C., andvander
Vorst,H. A. (1991). SolvingLinear Systemsn \ector
andShaedMemoryComputes. Societyfor Industrial
andApplied MathematicsPhiladelphia.

Fiedler M. (1973). Algebraic connectvity of graphs.
CzedoslorakMathematicallournal, 23(98):298—-305.

Fiedler M. (1975a). Eigervaluesof agyclic matrices.
Czedoslorak Mathematical Journal, 25(100):607—
618.

Fiedler M. (1975b). A propertyof eigervaluesof non-
negative symmetric matricesand its applicationsto
graphtheory Czetoslorak MathematicalJournal,
25(100):619-633.

Guattery S. and Miller, G. (1998). On the quality of
spectralseparatorsSIAM Journal on Matrix Analysis
andApplications 19(3):701-719.

Hughes,A. (1977). Thetopograply of vision in mam-
malsof contrastindife style: Comparatre opticsand
retinal organization. In The Handbookof Sensory
Physiolay, volume7. New York: AcademicPress.

Perona,P. andMalik, J. (1990). Scale-spacandedge
detectionusinganisotropicdiffusion. IEEE Transac-

65-2



tions on Pattern Analysisand Machine Intelligence
12(7):629-639.

PothenA., Simon,H., andLiou, K.-P. (1990). Partition-
Ing sparsamatriceswith eigervectorsof graphs.SIAM
Journal of Matrix AnalysisApplications 11(3):430-
452.

Shi, J. andMalik, J.(2000). Normalizedcutsandimage
sgmentation.|EEE Transactionson Pattern Analysis
andMachineIntelligence 22(8):888—-905.

Taubin, G., Zhang,T., and Golub, G. (1996). Optimal
surfacesmoothingas Iter design. TechnicalReport
RC-20404)BM.

65-3



	Outline of talk

