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Abstract. Active contour formulations predominate current minimization of the
Mumford-Shah functional (MSF) for image segmentation and lIteringfdytu-
nately, these formulations necessitate optimization of the contour by eveigng
gradient descent, which is known for its sensitivity to initialization and the ten-
dency to produce undesirable local minima. In order to reduce thebéeprs, we
reformulate the corresponding MSF on an arbitrary graph and appipioato-

rial optimization to produce a fast, low-energy solution. The solution peaVid
by this graph formulation is compared with the solution computed via traditional
narrow-band level set methods. This comparison demonstratesithgriaph for-
mulation and optimization produces lower energy solutions than gradisoéde
based contour evolution methods in signi cantly less time. Finally, by avoiding
evolution of the contour via gradient descent, we demonstrate that tioving-

tion of the MSF is capable of evolving the contour with non-local movement.

1 Introduction

The Mumford-Shah functional (MSF) formulates the problemmaling piecewise
smooth reconstructions of functions (e.g., images) as amation problem [1]. Opti-
mizing the MSF involves determining both a function and atcanacross which func-
tion smoothness is not penalized. Unfortunately, sinceothmess of the reconstruction
is not enforced across the contour and since the contouriel@in the optimization,
the functional is not easily minimized using classical ohls of variations.

Given a xed contour it is possible to solve for the optimatoestruction function
by solving a straightforward elliptic PDE with Neumann bdary conditions. Addi-
tionally, given a xed piecewise smooth reconstructiondtion, it is possible to deter-
mine, at each point on the contour, the direction that théozorwould move to decrease
the functional as quickly as possible. Thus, most methodsdlving the MSF involve
alternating optimization of the reconstruction functiordaghe contour [2—4]. The re-
sults of performing this type of optimization are well knoand achieve satisfactory
results that are used for different imaging applicatiofshfortunately, this optimiza-
tion of the MSF using contour evolution techniques (tydicahplemented with level
sets) is slow primarily due to the small steps taken by theéargnat each iteration.
This slowness is exacerbated by the fact that a small patiorbof the contour can
have a relatively large effect on the optimal reconstrurcfimction. Additionally, these
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traditional methods often require many implementationicé® (e.g., implementation
parameters) and these choices may produce differences inahresult.

Practical energy minimization problems formulated on aerset of variables can
be solved ef ciently using combinatorial algorithms [5+~Hurthermore, because of
the well-established equivalence between the standancitopge of multidimensional
calculus and certain combinatorial operators, it is pdedi rewrite many PDEs for-
mulated in N equivalently on a complex (graph). Reformulating the cotiemal,
continuous, PDE on a graph permits straightforward apiidinaof the arsenal of com-
binatorial optimization techniques to ef ciently solveetbe variational problems. An
alternate view of our approach is to consider rewriting thietinuous energy functional
in terms of the precise discrete operations that would bsopeed on a computer to
evaluate the energy of a particular solution. By writingstenergy in discrete terms,
we can design our optimization method to optimize the engalye that would actu-
ally be measured by the computer. In this work, we reforneutlaé dif cult MSF on a
graph so that we may apply a combinatorial optimization tuoe the dif culties of
speed and local minima associated with the small contourdugmnents obtained via
traditional contour evolution. An added bene t of reforratihg an energy in a combi-
natorial setting is that such a generic formulation may h#ieg without modi cation
to higher dimensional data or general data analysis prahleath as point clustering,
mesh smoothing/segmentation or space-variant vision.

Graph based optimization techniques have previously beed as components in
optimization methods for functionals formulated in contus space. Boykoet al.
suggest using a max- ow step to assist in level set updafeZfhget al.[9] and El-
Zehiryet al.[10] employ a max- ow operation as a component of their miiziation of
the piecewise constant MSF; we instead present a completiioatorial reformulation
and solution of the more general piecewise smooth MSF. Lisewgraph techniques
have also been employed in the minimization of total vasiathethods [11].

Traditional contour evolution optimizations pursue a cemtupdate in the direction
of the highest gradient. Since this contour update reptesenst variation of the MSF,
calculation of this update does not require knowledge ofdkalized foreground and
background functions (images) at locations distant froemdbntour. In contrast, our
graph formulation leads us to a combinatorial optimizagpproach that is capable of
taking arbitrarily large steps of the contour location. ifgkthese large steps requires
us to address the estimation of the foreground/backgroumctibn values at locations
(pixels) distant from the contour. To the knowledge of ththats, this work represents
the rst proposal of extending these foreground and badkgddunctions outside their
region of evaluation.

2 Method

In this section, we de ne the continuous piecewise smootmiftwd-Shah model that
we use, and go through each energy term to formulate the cadsial analogue of
the piecewise smooth MSF. With these combinatorial anasgwe then proceed to
show how to optimize the foreground/background reconstm@nd contour location.
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2.1 Mumford-Shah formulation: Continuous and Combinatorial

A graph consists of a paiG = (V; E) with vertices (nodes)v 2 V andedgese 2
E V V,withN = jVjandM = JEj. An edgeg, spanning two vertices; andy; ,
is denoted by; . A weighted graphassigns a value to each edge calladeaght. The
weight of an edges; , is denc,ged byv(e; ) orw; and is assumed to be nonnegative.
Thedegreeof avertexisdi =  w(eg; ) for all edgesg; incident onv;. The following
will also assume that our graph is connected and undireciedrf; = w; ). Animage
may be associated with a graph by identifying each pixel &ittode and de ning an
edge set to represent the local neighborhood of the pixals ge4-connected lattice).
Since the inception of the Mumford-Shah functional, thexeehbeen several related
notions of what constitutethe Mumford-Shah functional. In this work, we follow the
level set literature to consider the piecewise smooth midgdl, formulated as

z z !
E(f;g;R) = (f p?+ (g p? +
R nR
z z
jir %+
R

iir gi> +  (R):
nR
where represents the image domainis the smoothed foreground functianis the
smoothed background functioR,is the region of the image comprising the foreground,
p is the pixel intensity, (R) is a function returning the length of the contour of region
R, and ; ; are free parameters. We assume that the image consistsystgla
values only, although the formulation can be extended toram multispectral images.
To simplify the parameter space, we assume that all threepflaeameters are strictly
positive and divided by the value of. Thus, we will omit the inclusion of in the
remaining exposition. Similar models were considered kBland Zisserman, who
referred to the energy as the “weak membrane model” [12] grttidoin uential paper
of Geman and Geman [13].

Formulation of (1) on a graph requires the use of combinat@malogues of the
continuous vector calculus operators (for an introductmthese combinatorial ana-
logues, see [14]). Although combinatorial representatioindifferential operations are
fairly well established, the challenge in the graph refdatian of any particular en-
ergy (or PDE) is to associate variables in the continuousifiteition with representa-
tive combinatorial structures (pixels, edges, cycles) eftd, as in the continuous case,
to produce a useful representation of a “contour”. Spediycaeach integral may be
considered as a pairing between a chain (domain of integnaéind cochain (function
to be integrated). Associating each pixel in our image wittode in the graph, the in-
tegration over a collection of pixels (in s8& V) may be represented by the 1
chain vector, where

1 ifv 2 Sg;
0 otherwise

ri = (2)

The other two variables ik are cochains taking real values, if8.2 ;g 2 .Note

also that the imagkis treated as a vectorized, real-valued cochain existirtg®nodes
(pixels). Both chains and cochains will be treated as colueators.
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The rst (data) term in (1) concerns quantities associatéti wixels (i.e., inten-
sities). We chose above to associate nodes with pixelp, §pandg must represent
a 0-cochain (a function mapping nodes to real numbers). Maishes the continuous
conception of these quantities as scalar elds. Since theetéam in (1) integrates over a
set of the domain for which, f andg are de nedy must represent a 0-chain indicating
a region of the domain. Thus, the analogue of the rst term gregh is

Eufigir)=rT(f p’+@ n'(g p°: (3)

In order to formulate the second term, recall that the coatbimal analogue of the
gradient operator is given by the node-edge incidence xmari[14]. Consequently,
we may write the gradient df as the produchf . However, since gradients avec-
tor functions(corresponding to cochains on edges in the combinatoritshgand the
integral in the second term is performed ovescalar function (i.e., the norm of the
gradient at each point), we have to transfer the gradierttain@ssociated with edges
back to a scalar cochain associated with nodes. Such anoperay be represented by
the absolute value of the incidence matrix, although eage é&lnow double counted,
requiring a normalizing factor of one-half. Speci callji@ second term may be formu-
lated as

Ea(figin) = 5 (TIAT (AN + (@ 0TIAT (Ag)” (4)

Finally, the contour length term may be formulated on a giaptounting the edges
spanning fronR to R. Such a measure may be represented in matrix form as

Es(f;g;r) =1TjArj: (5)

If our graph is a standard 4-connected lattice, then (5)ywes the ; measure of the
contour of regiorR. If we view the graph as embedded i and wish to measure
Euclidean contour length, it was shown [15] that a suitabéyghted graph and corre-
sponding incidence matrix could instead be used in (5). Hewsince this construction
was designed to produce a Euclidean contour length, we isedhstruction only in
termEs. For purposes of generality and clarity here, we will coméirio use the same
A in all terms.

All three terms may now be put back together to de ne the coratarial analogue
of the piecewise smooth Mumford-Shah model, i.e.,

EfgR)= T (f p’+@ n'(@ p° +
rTAIT (AF)2+ @ n)TJA]T (Ag)® + 1TjArj: (6)

Given the above de nition of the combinatorial analogue g Mumford-Shah func-
tional, we now proceed to show how to optimize the variablggandr.

2.2 Optimization

We adopt the alternating optimization procedure commorptoyézation of the MSF
[3,4]. The alternating optimization procedure rst tre#ite current contour,, as xed
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and then nds the optimdl, g. Given anf andg, the optimak may then be found. We
begin by considering the production of an optirhadndg from a xed contourr.
Taking a partial derivative of (6) with respectftoyields

%f:z diag(r) (f p)+ ATdiag (jAjr) Af: (7)

The diag() operator represents the diagonal matrix formed by pladiegargument
vector on the diagonal. Since both the rst and second terh{§)care positive semi-
de nite, the zero of (7) represents a minimum of (6). Therefdahe optimaf given a
contour satis es

2 diag(r) + ATdiag jAjr)A f =2 diag(r)p: (8)

We pause to consider the interpretation of this optimunt fafhe constructiod™ CA,
for diagonalC, produces the Laplacian matrix with edge weights given keydiagonal
of C [14]. Note that in the standard conception of the MSF, thesghts all equal
unity — the domain is homogeneous, except at the contourséprently, (8) can be
interpreted within regioR as solving for thé that would be produced from initializing
f within R to the image and then running linear isotropic diffusiontfore equal tot.
Outside of regiorR, any values of will satisfy (8). In the computation of the en-
ergy in (6) this part of does not contribute and may be ignored. In fact, in the exjsti
literature, the values df outside regiorR are never considered, since an in nitesimal
gradient step is being taken by the contour of the level settfon and values of
distant from the contour are inconsequential. Howeveruinammbinatorial formula-
tion, we desire to take amptimal contour step, regardless of the proximity of the new
contour to the previous contour. Consequently, we will niegaroduce a meaningfdl
outside of regiorR. An important assumption aboltis that it is a continuous function
as it approaches the contour. Therefore, in order to enfodmum smoothness be-
tweenf insideR and the extended outside ofR, we propose to construttoutside of
regionR to satisfy the Laplace equation while treating thanside ofR (from (8)) as
Dirichlet boundary conditions. We extergdnside ofR similarly. Note, however, that
other extensions df andg are possible and may lead to improved performance. Using
this construction, we may produce the optirhahside the region as

(I +Lr)fr= pr; 9)

wherel is the identity matrix andl g indicates the portion of the Laplacian matrix cor-
responding to the regidR. Recall that the Laplacian matrix is de néd= AT CA, for
some diagonal matri€ taking the edge weights along the diagonal. We may solve the
Laplace equation on a general graph, given boundary conditby using the technique

of [16], which requires the solution to a linear system ofapns with a subset of the
Laplacian. Using the same procedure, the optigaais given by solving the system

(I +LR) %= P& (10

andgg may also be found by solving the combinatorial Laplace éqoats in [16].
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We can now address the optimizatiorrpfiven a xedf andg. Noting that all three
terms of (6) are submodular linear functions pfve can solve for as a max- ow/min-
cut computation [6]. In effect, the rstand second termsalie unary terms penalizing
data in delity from the reconstructed image and nonsmoesisnin the reconstructed
image. The third term penalizes contour length and is writteéerms of strictly positive
weights, producing a submodular energy that may be optofreéffectively with a max-
ow/min-cut computation. Minimum cut computations on ghsprepresenting images
are very fast using the algorithm of Boykov and Kolmogorov][1

We conclude the section with observations about our graphudlation compared
with discretized contour evolution approaches of the cattus energy. First, in con-
trast with standard continuous methods, at each iteratioame solving for a recon-
structed function and contour thaptimally minimize the MSF given a xed contour
or a xed reconstruction, respectively. Due to these glgbaptimal stepsall correct
implementations will produce an equivalent answigrus, there is no need for any im-
plementation parameters. For example, any linear systémrsaill produce the same
answer to (9). One method may be faster than another, butbetimods will produce
the same answer if run to convergence; thus, there is no ndesl¢doncerned that im-
plementation choices will affect tipiality of the solution. Second, because our contour
optimization is not performed via gradient descent, the@ancan move non-locally,
and “snap” to the lowest energy contour, even for distatializations. This non-local
movement results in greater robustness to initializafi@nfewer iterations and greater
robustness to choice of the three term weightings in the M8Hitionally, as shown
in Section 3.3, this non-local movement capability allows fmrmulation to jump over
intervening structures of arbitrary size to nd a low-enggplution to the MSF.

2.3 Relationship to Graph Cuts

The Graph Cuts algorithm for image segmentation/denoigiag rst introduced in
[18, 19]. This algorithm has been greatly extended sincegtion to where it is some-
what unclear what comprises “Graph Cuts”. However, all atgms under the title
“Graph Cuts” seem to have the following qualities: 1) De nemla (possibly directed)
graph, 2) Using submodular edge weights to re ect likelytoom locations, 3) Possibly
including an intensity prior assigning each pixel to fomgrd/background, 4) Possibly
including hard constraints (seeds) to force pixels to bedmund or background, 5)
Optimization via a max- ow/min-cut computation, 6) Prodisca global optimum of
the desired energy.

With this de nition of “Graph Cuts”, we observe that the coat optimization in
the combinatorial formulation of the MSF, (6), shares muticommon. Speci cally,
intensity priors are present (from the data term), the wsigine submodular and the
optimum of (6) is obtained via a max- ow/min-cut computatidHowever, by examin-
ing the above list, one may also notice differences with thalminatorial MSF. First,
the edge weights are not modi ed to re ect image gradienecdd, in addition to the
intensity priors, (6) involves an additional unary term @king the estimate of the nor-
malized gradient near the pixel (from the smoothness tertineéSF). Third, no hard
constraints (seeds) are imposed to constrain the labeliagyopixels. Fourth, there is
no reconstructed image variable (i, ,g) present in Graph Cuts. Finally, the solution
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(a) Toy image (b) Box (c) Crown (d) Squares

Fig. 1. Toy image to compare the speed of traditional contour evolution implememtaiit
proposed combinatorial optimization of the Mumford-Shah functionas@nted in this paper.
The contours (blue) indicate different initializations used to generate slétsén Table 1.

of r (contour) is just one part of one iteration in the overallimiation of the MSF.
Although the solution of is optimal for each iteration, the overall energy minimiaat
of the MSF still produces a local minimum. It should be noteat tertain extensions of
the Graph Cuts work also use Graph Cuts as a subroutine veh@dstimating the inten-
sity priors at each iteration [20]. However, unlike the M8#s work does not include a
speci ¢ smoothness penalty or a reconstructed image, bdtdanstraints are included
and the edges are weighted by image gradients.

3 Results

The positives and negatives of MSF segmentation and recatish have been well-
discussed in the literature. Our reformulation of the MSFaograph is intended to
permit the usage of combinatorial optimization methods toimmze the MSF more

quickly and to nd lower-energy solutions. Consequentlyy @xperiments are dedi-
cated to answering the following questions about the mefitsaditional contour evo-
lution optimizations of the MSF with the proposed combimeticoptimization applied

to our graph formulation:

1. SpeedWhich procedure nds a solution with fewer iterations? Wtsatthe relative
cost per iteration? What is the dependence of performancesahution?

2. Initialization: Which procedure is more robust to initialization of the cant

3. ParametersWhich procedure is more robust to the choice of parameténgs?

4. Energy minimizationwWhich procedure produces solutions with lower energy?

To address the rstthree questions, we begin with a toy inddgeblack square on a
white background. Such a trivial image was chosen since &)eTis a clear energy min-
imum, 2) A relatively smooth energy landscape, 3) The samsevanfor a wide range
of parameters, 4) A clear stopping criterion (i.e., whendtetour matches the square).
For these reasons, we can perform controlled experimengsotee the answers to the
questions posed above about the relative performancedifitr@al contour evolution
implementations (via level sets) and our new graph formatadf the MSF.

We compared the combinatorial optimization of our grapmialation method with
an ef cient narrow-band level set implementation of the timmous formulation similar



8 L. Grady and C. Alvino

[Initialization/ResolutiofLS iterationsL.S mean iter. imfGR iteration$GR mean iter. time

Box (64 64) 41 0.002s 2 0.0064s

Box (128 128) 126 0.0057s 2 0.0211s

Box (256 256) 140 0.0199s 2 0.0838s
Crown (64 64) 262 0.0023s 4 0.0091s
Crown (128 128) 1393 0.0061s 3 0.0239s
Crown (256 256) 110 0.0245s 4 0.1019s
Squares (64 64) 294 0.0072s 3 0.0094s
Squares (128 128) 940 0.0112s 3 0.0295s
Squares (256 256) 540 0.0624s 3 0.1177s

Table 1.Results of experiment comparing speed of convergence for levglSesolver and our

graph (GR) formulation. Note: 1) The parameter settings were chodegstdavor the level set
methodin every experiment, 2) Exactly the same initializations were given to bothitiges,
3) The size and spacing of the squares initialization was chosen to favafStheethod. Time
reported “per iteration” refers to update of the contour location, sinogatation of the recon-
structed image is the same in both methods (although this computation isveffectoubled
for GR since the inside/outside functions are extended beyond theictegpegion). Note that
while the displayed number of level set iterations may seem particularly highimportant to
note that the initializations in these cases are very distant from the desirexico

to the one presented in [4], although the original piecessimeoth level set implemen-
tation was presented in [3]. Great care was taken to ensei@thectness and ef ciency
of the level set implementation so that a fair and accuratgpesison could be made be-
tween the two methods. The method employed alternatingnigations of the contour
evolution and of the smooth functions as in the graph metimades has been used in
all MSF minimizations of which we are aware. For ef ciendyetlevel set function was
computed and stored only in a narrow band around the coritoarthich we maintained
the sub-pixel position of the contour. Force extensionsveemputed on pixels which
neighbored the contour as illustrated in [21]. When computhre level set function
update, the spatial derivatives associated with the cumgderm were computed with
central differences, and the spatial derivatives assetiatth the data terms were com-
puted with the numerical scheme detailed in [22] to ensuaé tte viscosity solution
was obtained for the portion of the level set evolution tised Hamilton-Jacobi equa-
tion. At each contour evolution step, we updated with aniekgbrward-Euler scheme
in which the maximally stable time step was taken to ensutie tability and speed of
the level set function evolution.

Our implementation of max- ow/min-cut was taken directiypi the online code
of Vladimir Kolmogorov. In order to produce a comparable gamson between the
level set optimization and our graph framework in these 2peexnents, we choose to
calculate contour length of the cut with respect to a Eualidmeasure in (5) by using
the weighted incidence matrix of the graph correspondiribg@onstruction of Boykov
and Kolmogorov [15] with an approximation to the Euclideastahce represented by
a neighborhood connected with a distance of two pixels.
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Initialization 1 Initialization 2
iters/sec./iter iters/sec./iter.
Level Sef 312| 0.0061 Level Sef1523 0.0073
Graph | 4 |0.0616 Graph | 7 |0.1176

Initialization 3

iters(sec./iter
Level Ser192( 0.0101
Graph | 5 |0.1187 Final segmentation

Fig. 2. Comparison of number of iterations and speed of iteration for différétilizations on
ultrasound image. Parameters were chosen to best bene t the levetded.

3.1 Speed and initialization

Our rst experiment examines the relative speed of tradaidevel set implementations
and our new graph formulation for the box image using variouesge resolutions and
contour initializations. In this experiment, we createrkthinitializations — A larger
square surrounding the target square, an erratic “croluaped initialization centered
on the target square and small squares tiled throughoutrthgd. These three initial-
izations are displayed in Figure 1. For each of these imt#ibns, we measured the
number of iterations required to converge the level set aaplgmethods to the known
optimum solution and the average time taken to produce ontuopupdate for each
method when run on an Intel Xeon 2.40GHz processor with 1GBAfI. In this ex-
periment, the parameters in the energy functional wereeshts favor the level set
method as much as possible.

Table 1 displays the results of this experiment. The timentep “per iteration” in
this table refers to the update of the contour location,esthe computation of the re-
constructed image is the same in both methods (althoughdhiputation is effectively
doubled in our graph method since the inside/outside fanstheed to be extended be-
yond their region). Therefore, even though each iteratfmuograph method is slightly
more expensive than an iteration of the level set methodntpsovement of 1-3 orders
of magnitude in the number of iterations causes the totalmenof the graph method
to be much less than that of the level set method. Additignéle graph method con-
verges within 2—4 iterations regardless of the resolutioitialization or parameters.
Note that while the displayed number of level set iteratimay seem particularly high,
it is important to note that these initializations are veistaht from the contour.

These experiments suggest that the proposed combinatqtimhization of the
MSF produces a solution much faster than the traditionadlIset optimization, re-
gardless of the resolution or contour initialization. Wened the reader that the energy
term parameters were chosen to favor the level set methaxh<@iy the parameters to
favor the proposed graph method would have resulted in am gvenger disparity in
favor of our method.

A third experiment was performed on a real ultrasound imageé same manner
as the rst. Initializations were introduced inside thegttr object, outside the object
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[Optimization algorithriMean iterationgMedian iterationfteration number standard deviatjon

Level set 1614.40 1520 391.80
Graph 2 2 0

Table 2. Comparison of robustness to the three term parameters in (1). Usingj28e (128)
toy image above with the “box” initialization, for 50 trials we randomly chosettitee term
parameters from independent uniform distributions on the int¢fudl) and ran both the level
set and graph optimizations of the MSF. A set of parameters was regautie-run if the target
square was not the minimum of the MSF. For all parameters, the graiphizgtion produced the
target square in 2 iterations. Note that the number of iterations reportéueftevel set method
in Table 1 was much less than the averages reported here becaus¢helre$ults reported in
Table 1 used parameters that were hand-selected to favor the legehsetgence.

and then erratically inside and outside the object. Thelteguterms of number of
iterations and speed of each iteration are shown in FiguredZarrespond well with
the results from our synthetic experiment. Once again, éinampeters of the terms in the
MSF were chosen to favor the level set method and both mettwuogrged to roughly
the same contour.

3.2 Parameter robustness

The choices of the term parameters in (1) can make drasterelifces in the optimal
contour and reconstruction produced by minimizing the MSFen if the optimal con-
tour and reconstruction are the same for different choi€¢pa@meters, the parameter
choices could affect the speed of convergence for a givéialimation. In this experi-
ment, we examine the robustness of both the contour evalatiol graph formulations
of the MSF to the choice of parameters in terms of the numbéteadtions needed
to reach the optimum solution. Once again, we employ the xaynple of Figure 1.
For this experiment, we used the most simple, “box”, initi@ion of Figure 1 since
we expect that both algorithms will reach the target confoumnll parameter choices.
We ran fty iterations in which the parameters for each of theee terms of (1) were
chosen independently from a uniform distribution withie thterval of zero to one and
then both the level set and graph algorithms were appliedinamize the MSF. If the
target square was not the optimum solution for the randomhegated parameters, this
parameter set was rejected and the trial re-run. After eacdnpeter set, the number of
iterations and average time per iteration were recorded.

The results of this experiment are displayed in Table 2. \iglsat the rate of con-
vergence of the level set method is highly dependent on trengeters, while the rate
of convergence for the graph method is completely indep&naliethe parameter set.
Both algorithms exhibited independence of the per iteretiime on the parameter set.
Empirically, the results of this experiment concur with @xperience that the con-
vergence rate, and solution achieved, of the graph methodich less sensitive to the
parameter settings than the level set method. Note thattinder of iterations reported
for the level set method in Table 1 was much less than the gesnaported in Table
2 due to the fact that all of the results reported in Table Hyseameters that were
hand-selected to favor the level set convergence.
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Noisy annulus Millstone Distant Init.

Initialization

Final

Fig. 3. Non-local movement: Since the contour optimization step in our graphulation of
the Mumford-Shah energy is not performed by gradient descentnéheontour is permitted
to jump to a location distant from the initial contour location. While this effect imetimes
achieved in the level set literature by the use of molli ed region indicatoctions, we note that
the molli er support must be wider than the width of the annulus for suciygmmoach to succeed.

3.3 Non-local movement

A key advantage of the contour optimization in our graph mefdation of the MSF
is that it enables movement to the optimal location at easfation. For this reason,
our method is able to move to arbitrary image locations adigted by the solution to
(6) depending on the current estimate of the reconstrudtinotions. The motion of
the contour is thusot limited to local movements are traditional optimizations of
the contour by gradient descent. Figure 3 illustrates thiteiations that are segmented
correctly by the combinatorial optimization of the MSF, utere standard gradient
descent methods fail.

The piecewise smooth MSF may drive non-local movement @afinient smooth-
ness, permitting the penetration of an annulus with a certtemprised of pure noise.
The nal segmentation in Figure 3 is not achievable by gratitescent of the contour.

In the millstone image, we are able to achieve correct setatien of the inner ring
instantly. We would like to draw attention to the method byieihChan and Vese [2]
were able to determine inner boundaries of objects. Théyahil segment this inner
boundary was only due to the molli ed Heaviside functionttiaas used to approxi-
mate a region indicator function. Indeed, the ability toiaed segmentation of an inner
boundary in this manner is limited by the width of the resigtmolli ed Delta func-
tion, a quantity which should be kept low to maintain accyrde should also point
out the work of [23] who indicate the ability to naturally @itt such inner boundaries
due to their method of total variation optimization of a mediMSF. Some level of
non-local movement in solving the MSF with level set methbdge been achieved in
[24] using additive operator splitting [25], however theylillustrated the technique
for the piecewise constant case.
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Initialization Level Set Graph Summary

Image 1(256 256)

iters|MS energy
Level Sef200Q 40.4041
Graph | 7 | 37.2971
Image 2(321 479)

iters|MS energy

Level Sef 330| 34.8106

Graph | 5 | 34.7846
Image 3(321 481)

iters|MS energy
Level Sef1508 14.1903
Graph | 6 | 13.7786

Image 4(1488 1984)

iters|MS energy
Level Sef7812 428.44
Graph | 17 | 428.44

Fig. 4. Comparison of the energy obtained for a solution produced by ourhgfamula-
tion/optimization method with the traditional level set approach. For both itthgos, the ini-
tialization, parameters and energy calculation method were identical.

Finally, we illustrate that distant (non-overlapping)tiaiizations are not a prob-
lem to the combinatorial method as they are in gradient d¢e¢snethods. Such a poor
initialization could occur via automatic initializatiorf outlier image data. Regardless
of the distance of the initialization from the object, outiopzation is able to quickly
ascertain such salient object boundaries.

3.4 Energy minimization

Beyond speed, our purpose in introducing combinatoriaingipation techniques for
solving the MSF is to produce solutions with a lower energntthe solutions obtained
by conventional level set techniques. In order to compargisas in terms of minimal
energy, we must address natural images for which the enanglgtape is nontrivial. In
this section we apply both the graph-based and level setitiges to natural images
using the same initialization/parameters and then comierdiISF energy obtained
by the nal solutions. The energy value is measured in eyabié same way for both
algorithms — By evaluating (6). Using (6) to evaluate therggemight at rst seem
to be biased toward producing lower energies for the graggted) technique. However,
it is important to realize that (6) details nite matrix form, the operations actually
employed on a computer for estimating gradients and conltength with gradients
computed by nite differences.
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Our next experiment empirically compares the energy obthfor the solution of
both optimizations for a variety of natural images, givee #ame initialization and
parameters. For each image, initializations and parasatere selected to produce a
contour (for at least one algorithm) that was semanticaljaningful. Results of this
experiment are shown in Figure 4. In every case, optiminaifour graph formulation
of the MSF produced solutions with an equal or lower energyiartess time.

4 Conclusion

In this work, we began by reformulating the classical Murdi&hah energy functional
in terms of analogous differential operators on graphs. duivalent, alternate way of
looking at this reformulation is to think of it as writing thSF explicitly in terms of
the speci ¢ nite operations that would be applied on a corgdo estimate gradients
and contour length. With this new reformulation, we may gppéll-established com-
binatorial optimization techniques for producing recomstion and contour updates.

Our experiments indicate a dramatic improvement of our fgifapmulated opti-
mization over a traditional contour evolution approacféss improvement is in terms
of speed, robustness to initialization, robustness tompetar settings and in production
of a solution representing a lower MSF energy. Additionallg employ combinatorial
optimization that is not based on gradient descent to salwegoaph formulation of
the MSF, which permits non-local movement of the contournd low energy solu-
tions. It could be argued that several modi cations to thesleset method have been
suggested for improving speed (e.g., multiresolution {4t were not employed in our
experiments. Although we did not employ these modi catitmshe level set method,
it seems unlikely that they would converge on real imagesuéskly as the proposed
method. Even if it were possible to modify the contour eviolutapproach to converge
after a few iterations to a good, low-energy solution, sutlkaehievement would only
serve to make the modi ed level set approach roughly egeivaih performance to the
proposed approach, at the cost of additional complexityapiinization parameters.
The contour evolution approach would still not permit nondl movement of the con-
tour. Additionally, some modi cations (e.g., multirestilon) could equally be applied
to improve the performance of both approaches.

Finally, we hope that this work has illustrated the idea thatformulation of tra-
ditional (continuous) PDE approaches in terms of their@galis differential operators
on graphs (combinatorial operators) can permit the useweégal combinatorial opti-
mization techniques that may more quickly nd lower energiusons when compared
to their standard level set counterparts. Although our arimmotivation for reformu-
lating traditionally continuous energies in terms of conatorial operators is to provide
faster, simpler, lower energy solutions capable of nomlatovement of contours, it is
important to note that a graph-based formulation permipdiegtion of the same tech-
niques to more abstract domains, such as data clusterirgl precessing and space-
variant vision.
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