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Classification Task
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QOutline

@ SEPARABLE CASE
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SEPARABLE CASE

Geometry of Hyperplanes

signed distance 3*T(x — xo)
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SEPARABLE CASE

Classification Task

Hyperplane {x : f(x) = xT 3+ o =0} ||B]| =1
Rule G(x) = sign[x” 3 + B3]
Misclassification y;f(x;) < 0
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“Optimal Solution”

Hyperplane {x: f(x) = x"8+ 5o =0} ||8] =1
Rule G(x) = sign[x” 3 + B3]
Misclassification: y;f(x;) <0
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“Optimal Solution”: Support Vectors

Hyperplane {x: f(x) = xT 3+ 3o =0} ||B]| =1
Rule G(x) = sign[x 3 + o]
Misclassification: y;f(x;) <0
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SEPARABLE CASE

Optimal Solution, Formally

max
8,80, 8]|=1
subject to y;(x/ B+ Bo) > C, i=1,2,..N
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SEPARABLE CASE

Optimal Solution, simplified

max C
8,80, 8]|=1

subject to yi(x" B+ o) > C, i =1,2,..
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SEPARABLE CASE

Optimal Solution, simplified

max C
8,80, 8]|=1

subject to yi(x' B+ o) > C, i =1,2,...N
max C
380

subject to yi(x,” 3+ Bo) > C|| 8|

Li=1,2,..N
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SEPARABLE CASE

Optimal Solution, simplified

max
B0, || 5]1=1

subject to yi(x' B+ o) > C, i =1,2,...N
max C
380

subject to yi(x, B4 o) > C||B||, i = 1,2,...N
Arbitrarily scaled 3 works, pick C = m

&l

min
3,80

subject to yi(x/ B+ o) > 1, i=1,2,..N
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QOutline

@ NONSEPARABLE CASE
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NONSEPARABLE CASE

Optimal Solution for Nonseparable Case

max C max C
8,080, 18]|=1 8,080, [|B]|=1
with yi(x” 8+ o) > C with yi(x” 8+ o) > C(1 - &)
Vi Vi, &2>0, YN & < const
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NONSEPARABLE CASE

Optimal Solution, simplified

min min
min| 5 min
with y;(x7 8 + fo) > 1 with yi(xT 6+ fo) = 1 &
Vi Vi, &>0, M, & < const
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Computation of Optimal Hyperplane
QOutline

© Computation of Optimal Hyperplane
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Computation of Optimal Hyperplane

min
min

with yi(x" 8+ o) > 1 ¢
Vi £ >0, SN & < const
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Computation of Optimal Hyperplane

min
min|

with yi(x" 8+ o) > 1 ¢
Vi £ >0, SN & < const

N
min + i
il +7 3¢

with yi(xT B+ o) > 1—¢&
Vi, & =0, S & < const
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Computation of Optimal Hyperplane

min
min|

with yi(x" B+ Bo) > 1 - &
Vi & >0, SO, & < const

N
min + i
il +7 3¢

with yi(xT B+ o) > 1—¢&
Vi, & =0, S & < const

N N N
Lo = 3817+ 326 = Dl B+ o) — (1= &) = D ity
i=1 i=1

i=1
minimize w.r.t. 8, 8o, and &;
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Computation of Optimal Hyperplane

Lagrange Primal

1 N N N
Ly = 511817 +Y &= ailyi(x B+ o) — (L= &) =D ik
i=1 i=1 i=1

minimize w.r.t. 8, Bo, and &;
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Computation of Optimal Hyperplane

Lagrange Primal

1 N N N
L = 511817 + VY &= iy B+ o) — (L= &) =D ik
i=1 i=1 i=1
minimize w.r.t. 8, Bo, and &;

B=SN aiyix; 0="N, aiyi, aj =y — pi, Vi
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Computation of Optimal Hyperplane

Lagrange Primal

N N N
1
L = 511817 + YY &= ailyiT B+ Bo) — (1= &) =D ik
i=1 i=1 i=1
minimize w.r.t. 8, Bo, and &;
N N .
B=> i 1 iyixXi 0=> ;i =y — pj, Vi
Lagrange Dual
1
Lp = Z @i =5 Z Z Qi YiyiXi X
maximize under 0 < «; <y and Y «;y; = 0 and KKT conditions:
ailyi(x" B+ o) — (1= &) =0

wi& =0
Vilx" B+ Bo)—(1—-¢&) >0
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Support Vectors

Lagrange Primal

1 N N N
L =5 18I1° Y &G =Y ailyi( B+ Bo) — (1= &) = Y piéi
i—1 i—1

i=1

maximize w.r.t. G, Bo, and &;

8= aiyixi 0=, ayi, Qi = = i, Vi

Lagrange Dual

1
Lp = Z o — 5 Z Z a;ajy;ij,-ij
maximize under 0 < o; <y and Y «a;y; = 0 and KKT conditions:
ailyi(x" 8+ o) = (1 = &) =0
pi&i =0
Yi(x B+ o) = (1= &) >0
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Support Vectors
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Computation of Optimal Hyperplane

Convex Quadratic Programming problem

Lagrange Primal
1 N N N
Ly =817+ VY &= ailyild B+ Bo) = (1= = Y it
i=1 i=1 i=1
maximize w.r.t. 3, B, and &;

b= Z,N:l Qi YiX; O:vazl Qiyi, o =y — pi, Vi

Lagrange Dual

Lp =Y ai — 3 20 2 cieyyiyix x;
maximize under 0 < o; <~ and Y «a;y; = 0 and KKT conditions:
ailyi(x 8+ o) — (1= ¢&)=0
wi& =0
yi(x! B+ 6o) —(1—&) >0
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Computation of Optimal Hyperplane

Example

v = 10,000 slack is low
62% points are in the support
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Computation of Optimal Hyperplane

Example

v=0.01 slack is high
85% points are in the support

satya (CNS) Statistical Learning 12.1-3 April 22, 2008 20 /35



Support Vector Machines
QOutline

O Support Vector Machines
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Support Vector Classifier

Lagrange Primal

N N N
L= 31817+ D06 — D il 5+ o) — (1 - )] = D ity
i=1 i=1

i=1

maximize w.r.t. 3, B, and &;
p N N .
J’ = Zi:l Q;YyiXi 0= Zi:l Qiyi, Q=7 — /1’1'7VI

Lagrange Dual

Lp =3 a; — 3 3 Y aiyiyx| x
maximize under 0 < o; < v and Y «;y; = 0 and KKT conditions:
ailyi(x" 8+ Bo) — (1= ¢&)=0
wi& =0
. vi(x" B ) -(1-&)=20
G(x) — signlF(x)] = signlx™ 5 + o]
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Support Vector Machine

Lagrange Primal

N
||/3H2+7251 ZO&:[)/: )" B+ Bo) — (1= &) —Zuifi
i=1

maximize w.r.t. 3, B, and &;

B = ZIN:I a;yih(x;) 0= ZINZI QiYi, Qi = = i, Vi

Lagrange Dual
Lp =Y aj — 3 20 ciayiyih(xi) T h(x;)
maximize under 0 < «; <y and Y «;y; = 0 and KKT conditions:
ailyi(h(xi)T B+ o) = (1= &) =0
pi&i =0
yi(h(x)T B+ Bo) — (1= &) >0

~ ~ ~

G(x) = sign[f(h(x))] = sign[h(x)" 5 + fo]
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Kernel Trick

x always appears as (h(x), h(x"))
Rewrite as K(x,x") = (h(x), h(x"))

Any symmetric positive semidefinite function K works.
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Kernel Trick

x always appears as (h(x), h(x"))
Rewrite as K(x,x") = (h(x), h(x"))
Any symmetric positive semidefinite function K works.
Polynomial  K(x,x") = (1 + (x,x'))?

Radial basis  K(x,x") = exp(—|x — x||?/c
Neural network  K(x, x') = tanh(k1(x,x’) + k2)
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Support Vector Machines

Example: Degree 4 polynomials in feature space
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Support Vector Machines

Example: Radial kernel in feature space
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Support Vector Machines

Claims

e “Kernel trick unique to SVM"
e “Can finesse curse of dimensionality”
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SVM as Penalization Method

minl|5]1* + 7 >_(&)

where (yif(x;)) >1-¢&;

i8] + 7 D[ = ()]

Familiar problem: min penalty + loss
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SVM Loss Function

Loss function L(Y, f(X)) Minimizing function
[1— YF(X)]+ f(X)=+1if Pr(Y =+1|X) > 1, -1,0/w
(Y — f(X)?) f(X)=Pr(Y =+1|X) - Pr(Y = —1|X)
log(1 + exp(—Yf(X))) f(X) = logodds
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Kernel Trick not unique to SVM

min 8] + 7 D[ = v F(x)]

Theory of reproducing kernel Hilbert spaces guarantees a finite dimensional
solution of the form

F(x)=Bo+ Y aiK(x,x)

e Common to smoothing splines, additive and interaction spline models.

e Can use any loss function (except binomial log-likelihood loss)
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Support Vector Machines

Curse of Dimensionality

Class | Standard normal X1, X5, X3, Xy
Class Il Standard normal conditioned on 9 < Xj2 <16
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Support Vector Machines

Curse of Dimensionality

Class | Standard normal X1, X5, X3, Xy
Class Il Standard normal conditioned on 9 < Xj2 <16

Opportunity Kernel cannot concentrate on subspaces
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QOutline

@ SVM for Regression
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SVM for Regression

SVM for Regression

Classification

: 2
+ i
minl|5]1* + 7 >_(&)
where (y,'f(X,')) Z 1-— f,’
Regression
. 2
+ 77
minl| 1%+ > _(77)
where |y; — f(x;)] < C+e¢
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SVM for Regression

SVM for Regression

Classification

. 2 .
minll 3% + 5 > _(&)
where (y,'f(X,')) Z 1-— f,’
Regression
i8I+ 3 il — )] = )
where C + ¢ > |y; — f(x;)]
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SVM for Regression

SVM for Regression

Classification

. 2 .
minll 3% + 5 > _(&)
where (y,'f(X,')) Z 1-— f,’
Regression
i8I+ 3 il — )] = )
where C + ¢ > |y; — f(x;)]
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SVM for Regression

Kernel Trick in Regression

Zﬂmm +ﬂ0
min H(B, o) = Zv i — () + > o

has solution of the form

B =Y _ iyihm(x
Z 5m m + 50

Amenable to kernel trick due to inner product in 7(x):

= Z é\,'K(X,X,')
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Notes

e Multiclass extension by 1 vs rest, or multinomial loss
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Notes

e Multiclass extension by 1 vs rest, or multinomial loss

e VC Dimension applicable
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